Summary. We present an asymptotic method for determining the internal solar sound speed from the differences between observed p-mode frequencies and those of a standard reference solar model. In order to test the method, it has been applied to the frequency differences between pairs of solar models, where in each case one takes the part of the reference model and the other the role of the Sun. The results of these numerical experiments indicate that by using this simple method one may in principle be able to determine the sound speed from the energy-generating core to the helium ionization zone.
Introduction
The observed solar 5-min oscillations are acoustic modes whose orders at least at low or moderate degrees, are high. Thus they can be approximated by plane sound waves, and consequently their behaviour, and hence their frequencies, are determined mainly by the variation of sound speed c in the solar interior. It is therefore reasonable to attempt an inversion of the observed frequencies, to obtain the variation of c with radius r.
The foundation for such inversions was established by Duvall (1982) . From observational data for high-degree 5-min modes he noticed that, with a suitably chosen constant a, the quantity {n + a)Ico depended principally on frequency a) and degree / only in the combination w= colL, i.e.
(n+a)jz 7 ( , = F(o)/L), (1.1) (1985) applied this procedure to observed frequencies to infer the variation of sound speed throughout much of the Sun. An attractive feature of this inversion is that the result is independent of any solar model; given the simplifying assumptions, the result depends only on the solar data. On the other hand, these assumptions are quite severe. Thus it is not obvious that ray theory provides an adequate approximation to the actual behaviour of the modes. In its simplest form it neglects the effects of stratification and the perturbation in the gravitational potential, the latter being particularly important for modes of low degree (e.g. ; moreover a more careful analysis indicates that the quantity a may in reality depend on frequency. Indeed, by applying the inversion procedure to computed frequencies of a solar model, ChristensenDalsgaard et al found that in the core and near the surface the accuracy of the inferred value of the sound speed was poor. The situation was improved, however, when the same procedure was applied to two theoretical models, for the difference between the inferred sound speeds was substantially more accurate. Evidently some of the errors introduced by the simplifications inherent in the method cancel out.
This procedure can be refined, in particular by choosing a frequency-dependent rather than a constant a, by including effects of buoyancy and by taking the perturbation in the gravitational potential into account (Gough 1986a; Shibahashi 1988; Brodsky & Vorontsov 1987 , 1988 .
In the present paper we adopt the philosophy that, since differences in inferred sound speeds have been found to be more accurate than the inferred sound speeds themselves, we should invert for the sound-speed difference directly. This is achieved by linearizing equation (1.1) in terms of (assumed) small changes in c, co and a. Also we take the frequency dependence of a into account, and fit the linearized relation with cubic splines in co and w/L. The latter fit can then be inverted to give the sound-speed difference as a function of position. To test the method, it has been applied to various pairs of theoretical models. We find that even for models that differ substantially, the sound-speed difference can be recovered to well within 1 per cent of the sound speed at most depths, even near the surface and in the core of the model, where the previous method failed.
Background
An application of short-wavelength asymptotic theory to the equation describing adiabatic acoustic-gravity waves propagating in a spherically symmetric star yields the approximate relation (e.g. Deubner & Gough 1984) , where a> c is essentially Lamb's acoustical cut-off frequency, N is the buoyancy frequency and £ is a constant that depends on conditions in the vicinity of the turning points and r 2 , where the integrand vanishes. In deriving equation (2.1), some relatively minor aspects of spherical geometry and of the variation of the gravitational acceleration are neglected, as is the perturbation to the gravitational potential. We restrict attention to high-frequency p-modes, for which a) 2 > N 2 . If c(r) and a) c {r) are now approxi- where a is a constant which depends on e and the polytropic index. This relation can also be obtained directly from ray theory (Gough 1986b) or from a simplified JWKB analysis (Christensen-Dalsgaard et al. 1985) . Except for the smallest values of /, however, the difference between this and the eigenvalue V/U + l) of the associated Legendre equation is negligible. When / is small, the value (2.3) appears to provide the better description (Brodsky & Vorontsov 1987 , 1988 , as it does for comparable asymptotic expansions of the solutions of Schrödinger's equation (Kemble 1937) . Thus we use the definition (2.3) here.
In reality the outermost part of the solar envelope is far from polytropic; in particular a) c deviates substantially from the poly tropic value in the thin superadiabatic boundary layer just beneath the photosphere. As a result, a cannot be considered to be constant. It is insensitive to the value of /, however, since in the superadiabatic layer c 2 is small, and c 2 L 2 /^2r 2 ^ 1; furthermore, \N 2 la) 2 \ ^ 1. Hence a should be regarded as a function of frequency alone, and is determined by conditions near the surface of the Sun. Identifying equations (1.1) and (2.2) determines how the observable function F(oelL) is related to c{r):
where a = c/r. The equation is of the Abel type, and can be inverted analytically to obtain the sound speed implicitly, thus:
AE exp -7C w 2 -a (2.5) . This relation was used by Christensen-Dalsgaard et al. (1985) to infer the sound speed in the solar interior. As discussed in the introduction, the representation (2.5) is susceptible to systematic errors. These errors are related to the approximations made in deriving equation (2.2). It has been found, for example, that for the most deeply penetrating modes of low degree the perturbation to the gravitational potential has a substantial effect on the functions F{a)IL) obtained by fitting the relation (1.1) to discrete data; this could be the cause of the corruption of the inversion in the solar core. It appears that these errors cancel to some extent when differences are taken between inversions of different sets of frequencies. A disadvantage of this approach is that the results of the inversion depend on the reference model of the Sun.
The present paper is an examination of a differential inversion technique based on a linearization of the asymptotic formalism. By formally perturbing equation (2.2) and assuming that the perturbations ôoe, ôa, ôc in &>, a and c are small enough for the linearization to be valid, one obtains Alternatively, noting that 2S{w) is the sound travel time along a ray between successive deflections at the surface, equation (2.6) can be derived from ray theory: since for a resonant wave the phase change along a ray path between deflections, taking due account of the phase jump at caustics, must be consistent with that of the coherent interference pattern on the surface, the perturbation 2ô(a)jc~l ds) to the phase change calculated along the unperturbed ray path {s being the distance along the ray) and the perturbation -2jrócc to the phase jump must sum to zero (c/. Gough 1989) . In writing down equation (2.6) we have neglected a small term in da/da). Some properties of relation (2.6) are discussed by Christensen-Dalsgaard, Gough & Pérez Hernández (1988) . Note in particular that the scaled frequency difference S(w)ô(o/(o can be expressed in the form
where equation (2.6) defines the functions and H 2 . Hence scaled frequency differences (between two models or between the Sun and a model) depend asymptotically on the interior sound-speed difference, through a function of w, and on differences in the surface layers, through a function of a) (Christensen-Dalsgaard 1986) .
The variation of S(w) with wis illustrated in Fig to which it tends for large w. Also shown is the dependence of rJR on w. In this and all subsequent similar plots wis replaced as abscissa by v/L, w/2 jr being the cyclic frequency, which can be more simply related to the observations of the oscillations. It is evident that the formal turning points for radial modes of high frequency are extremely close to the centre. This provides some hope that inversion of such modes is sensitive to conditions in the solar core.
According to equations (2.6) and (2.7) ôoeloe depends on a weighted average of ôcjc in the domain c/w = r t < r ^ within which the waves propagate. Modes with smaller w average over a shallower domain, and their frequencies are evidently more sensitive to perturbations in c, provided, of course, that the domain of propagation encompasses the region in which c is perturbed. Since the range of oe is small, the sensitivity to c is therefore generally greater for modes of high degree. An analogous result can be derived from a perturbation analysis of the full oscillation equations, without recourse to asymptotic theory (e.g. Christensen-Dalsgaard 1986); here the quantity r^lS{w) is replaced by the asymptotically equivalent ratio E^vj/E^v), E¡{v) being the energy of a mode with degree / and frequency v. Plotting scaled frequency differences against frequency (Christensen-Dalsgaard 1987; cf. also ChristensenDalsgaard & Gough 1984) or against w exhibits the variation and the relative importance of the contributions from the solar interior and the surface layers, which is beneficial for an appreciation of the discrepancies between theoretical models and the Sun. As an example, Fig by a least-squares method. Each of H A and H 2 is a cubic spline, the parameters of which are determined by the fitting procedure. We used log w and co as independent variables. The splines are defined on two grids: log w^in=y, 11 < y 2 ' 1 <... < y, 1 , 1 =log w mM
Here n { and n 2 are the numbers of knots in the log w-and w-splines respectively, and subscripts 'min' and 'max' denote the minimum and maximum values of the independent variables for which there are data in the given data set. Then each of H l and H 2 is defined by
where the constants
are independent parameters, and the functions A^] -Df ] are defined by
are determined by the requirement that H k be continuous with continuous first derivatives throughout x {k) <x<x {k)
k (see Press et al. 1986 ). (Equations (3.3) and (3.5) ensure that the second derivatives are also continuous everywhere; in particular the second derivative of H k aX x^x^ is rjf\)
The values of the constants y (k) are found by minimizing
where the sum is oer all modes in the dataset, and o a is the standard deviation of the error in data point a. In the present work, since we have always employed frequencies from theoretical models to which no errors have been deliberately added, we have taken o a =l. Also we have imposed the conditions rj\ k) =V { nhO, (3.8) so that H l and H 2 are 'natural' splines. The quantity % 2 was minimized using the singular value decomposition (SVD) method described by Press et al. (1986) . Specifically, we used their SVDFIT routine, modified in a trivial way to allow two independent variables and to enable equations (3.8) to be imposed as constraints. We draw attention to the fact that a constant may always be added to provided the same constant is subtracted from H 2 . (The consequences of this indeterminacy on the sound-speed inversion are discussed in Section 4.) The SVD method handles the indeterminacy in a sensible way (see Press et al.) . Alternatively one could constrain one of the parameters y { j k) to remove this degree of freedom.
In all the examples discussed in Section 5 uniform grids in both log w and oe were employed, with the sole exception that the interval between j and was rather larger than the rest, since at large log w the density of modes is substantially lower than elsewhere (c/. Fig. 2 ) (x^-! was chosen, somewhat arbitrarily, to correspond to a mode of degree 1=2 and frequency 3 mHz). Some experiments using different numbers of spline knots are discussed in Sections.
Inversion method
We now invert the frequency differences to infer ôc/c. The function ( w) is related to ôc/cby HM ln R
In r x (w)
The right-hand side of equation (4.1) is the same functional of w as that which arises in the asymptotic expression for the linear frequency splitting due to latitudinally-independent rotation at a rate Q(r), with ôc/c instead of Q where a s = a(R). This is not identical to the inversion formula derived by , but the two formulae are mathematically equivalent.
To apply the inversion formula (4.2) we use the estimate for H l . Inevitably there is a gap between w = w min , determined by the most shallowly penetrating mode in the data set, and w = a s . The treatment of in this gap is necessarily uncertain, and we have chosen simply to interpolate linearly (in log w) between the value of 7^ found by the spline-fitting procedure at w = w min and at w = a s . The latter is the theoretical value of at the surface, but it must be borne in mind that 7^ contains an undetermined additive constant. Aside from the illustration in Fig. 3 , we have in all cases used the function H l produced by the fitting procedure discussed above, without further adjustment. The numerical evaluation of the integral in equation (4.2) is described in Appendix II.
Within the framework of our choice of extrapolation near the surface one could add to our inversions a multiple X of the complementary function which corresponds to adding to the extrapolated H l the function 5 Results
The inversion method described above has been applied to the differences between p-mode frequencies of pairs of theoretical models. Except in Example (v), discussed at the end of this section, the reference model was in all cases Model 1 of . The inversion method was implemented on the same grid as that used to compute the Model 1 frequencies, namely a 600-point mesh with points spaced roughly in proportion to c~l(r) (suitable for the computation of p-modes). In the experiments discussed below, four different models take the role of the Sun. Perturbation quantities are always defined in the sense: (proxy Sun) minus (reference model). Except where explicitly stated otherwise, all the experiments used the same set of 3244 pmodes. This set comprises all modes with frequencies between 1500 and 5000 pHz for each degree less than 200, and for every tenth value of / in the range 200-1080, except for the following exclusions: since one might not expect the asymptotics to give a good approximation for modes of lowest order all modes with n = l were excluded. So also were low-frequency, low-degree modes; for these modes the effects of buoyancy and the cut-off frequency, whose deviations from appropriate plane-parallel polytropic values are formally neglected in the simplified asymptotic equation (2.2), are important. We have used a simple ad hoc criterion based on the size of the neglected terms in the integrand of equation (2.1) to determine which modes are excluded. Above the base of the convection zone (at r = r c ) and excepting the surface layers, the buoyancy frequency is tiny and the effect of the cut-off frequency has mostly been taken into account in a. Thus we chose to retain modes according to the criterion Fig. 7 and the scaled frequency differences shown in Fig. 2 ) this example is quite a severe test of the method. The spline fit used 28 w-and 20 co-spline knots. Fig. 4 shows the scaled data after the fitted H 2 has been subtracted. So as not to obscure the data, the fitted H x is indicated with dots. The spread in the data for 10 2 /¿Hz< v/L< 10 3 /¿Hz is probably due to the effects of buoyancy and co c .
Some of the spread at high degree arises because the orders of these modes are too low for the V/L (|lHz) Figure 4 . Scaled relative frequency differences (homogeneous model minus Model 1) after the fitted function H 2 (ü)) has been subtracted, all scaled with for those modes in the set defined at the beginning of Section 5. Data corresponding to modes of like degree are connected by straight lines. The course of the scaled fitted function TÚ
[ H x (w) is indicated by dots. (The dots have no further significance: they do not, for example, indicate the position of spline knots.) In the inset, data corresponding to the low-degree, low-frequency modes excluded from the mode set are also shown (though they have not been used in obtaining H x and // 2 ). Note that subtracting H 2 has succeeded in removing most of the variation with frequency (at fixed w) from the data shown in Fig. 2. asymptotics to be accurate. The low-frequency, low-degree modes excluded from our mode set are included in the inset to Fig. 4 , to display their discrepant behaviour.
The fitted H l is shown again in Fig. 5 , together with the exact function H^The magnitude of To -//i) is nowhere more than about 10" 3 . The shortfall in the drop located in 60 juHz^ v/L^100 juHz appears to be caused by the neglected buoyancy and oj c terms. The coincidence of H { and H l at high w is no doubt fortuitous. There is a scale shift at small w, which we do not yet understand, causing the bump at v/L~8 pHz to be displaced towards higher vjL and deepening the trough to the right of this. The bump corresponds to the second helium ionization zone and arises from the difference in composition between the two models. Fig. 6 shows the fitted function H 2 , suitably scaled to be dimensionless and to correspond to (3 mHz/v)óa. Also shown is the same function obtained when the w-spline has only 10 knots. The curves are shifted relative to one another because of the slightly different arbitrary additive constants selected by the SVD method in the spline-fitting procedure. In the case with fewer splines, H 2 does not reveal the extent of the variation at low frequency. None the less, this has no significant effect on the fitted function H { (w) and the sound-speed differences inferred therefrom.
The inferred function dcjc (for the 20 a>-spline case) is shown together with the exact function in Fig. 7 . A remarkable feature of the inversion is the accuracy with which it reproduces the exact ôcjc over the entire range where it is valid (i.e. down to a radius r ^ 0.013 R). This is seen more clearly in Fig. 8(a) , which shows the error in the sound speed thus inferred, as a fraction of the Model 1 sound speed. Fig. 8 (a) also illustrates the effects of excluding more modes from our mode set and of using more splines. Increasing the number of w-spline knots to 54 eliminates much -of the wavy behaviour in the inferred sound speed in the convection zone and in the radiative region outside the energy-generating core, but does not have any significant effect on the overall accuracy of the inversion. (Using more splines actually introduces wavy structure in the core, V/L (fiHz) Figure 5 . The function H l that was fitted to the data in Fig. 2 (less the exclusions defined at the beginning of Section 5) using 28 w-spline knots (solid line) and the exact function H l (dashed line). Both are scaled with r ( 7 Figure 6 . The function H 2 scaled with 7t~1 (3 mHz x 2 jr), as a function of frequency v, obtained by fitting to the (homogeneous model minus Model 1) data using 20 (solid line) or 10 (dashed line) w-spline knots. This quantity is an estimate of (3 mHz/r)óa. Figure 7 . The exact fractional sound-speed difference (dashed line) between the homogeneous model and Model 1, as a fraction of the sound speed of the latter, and the estimate (solid line) inferred using a 28 w-, 20 w-spline knot fit and the mode set defined at the beginning of Section 5. The functions are plotted against fractional radius r/R. because in this region there are relatively few modes and the extra density of spline knots enables to follow some of the departures from a simple curve evident in Fig. 4 .) Excluding the / = 0 modes has little effect on the inversion, apart from limiting its validity to r ^ 0.04AE; this indicates that including these modes has very little influence on the spline fit where v/L^ 3 x 10 3 ¿¿Hz. In particular, the magnitude of the error in the core is hardly affected. Similarly, excluding all modes with frequencies greater than 4000 pHz reduces the depth to which the sound speed may be inferred but has little effect on the errors. It should be noticed that in the core the sound speed in the two models differs by 10 per cent; hence linearization in the perturbation method may introduce errors in the inversion. This is discussed further under Example (v) below.
Example (ii)
The proxy Sun was a model with a mixed core, described by Christensen-Dalsgaard (1986) . This model is more like Model 1 outside the energy-generating core than is the homogenous model, though it is substantially different in the inner core. The fit again used 28 w-and 20 a>-spline knots. The result of the inversion is shown in Fig. 9 , and the error in the sound speed thus inferred can be seen more easily from Fig. 8(b) . Because the reference model is more like the unknown one in this case, the inversion is much more accurate.
The fitted H 2 for this example is shown in Fig. 10 . Its shape is remarkably similar to the corresponding function in Fig. 6 , although the magnitude is smaller by about a factor of 6. This function contains information about differences between the models in their outer layers. The details of the reflection of the waves at the upper turning point will be most dependent on the structure in the ionization zones for low frequency modes. Since each of these pairs of models Figure 9 . Same as Fig. 7 , but for the mixed core model instead of the homogeneous model. differs in composition one might expect this to affect the behaviour of low frequency modes at their upper turning point and thus contribute to da for low frequencies. This may contribute to the more complicated behaviour of H 2 at low frequency, compared with its relatively smooth form at higher frequencies. Note that for two models with almost the same composition, discussed in Example (iv) below, the behaviour of H 2 at low frequencies is also smooth.
Example (Hi)
Model A of Christensen-Dalsgaard, Gough & Morgan (1979) was used as the proxy Sun. The fit again used 28 w-and 20 eo-spline knots. The results of the inversion are shown in Fig. 11 . Except in the outer layers the error in the inferred sound speed is less than a third of 1 per cent where r> 0.1 AE and less than 1 per cent for r < 0.1 R. The improvement over the comparable inversion by Christensen-Dalsgaard et al (1985) is particularly significant where r < 0.3 R.
Example (iv)
For the proxy Sun we have taken a model which is very similar to Model 1 in the interior but with a different treatment of the superadiabatic layer near the surface. It is described by Christensen-Dalsgaard (1986) . The unsealed and scaled frequency differences are shown in Figs 12 and 13, respectively. Note that most of the variation with wis removed when the data are scaled with S(w). It is quite clear from Fig. 13 that most of the difference in frequencies comes from differences between the outer layers of the models, since Sôa)/a) is dominated by the contribution // 2 (cí;). This is rather similar to the case of the differences between observed solar frequencies and those of Model 1, though in that case there is a more significant contribution from /^(w). The shortening of the curves in Fig. 13 at high degree is an effect of mode selection, caused by there being no low frequency /?-modes at high /.
The scaled data after subtraction of H 2 are shown in Fig. 14 , the location of the spline fit H { {w) being indicated by dots as in Fig. 4 ; also shown is the exact . The scale error at low w, discussed earlier for the homogeneous model, is more severe in this case. The fitted H 2 closely Figure 11 . Same as Fig. 7 , but for Model A instead of the homogeneous model. approximates the behaviour of the individual curves in Fig. 13 , which is particularly visible at high v/L. This is rather different from the earlier examples, reflecting the different structure of the outer layers of the present proxy model. The complicated behaviour of H 2 at low frequencies is absent, which is in accord with the hypothesis that this behaviour is due to differences in composition, since in that respect the present two models are almost identical. The results of the inversion are shown in Fig. 15 . The region r< 0.927? is not shown, since in this region |<3c/c| is no greater than at r=0.92R. The error in the inferred sound speed is likewise very small in this region except in the part corresponding to the final, long spline where the maximum error in the sound speed is 0.25 per cent. The inversion fails to reproduce accurately the major differences in the sound speed between the two models, which are in the outer 2 per cent of the star by radius. The inversion does produce a positive ôc/c near the surface but grossly underestimates its true magnitude. In the outer 0.5 per cent of the star the inverted ôc/c is almost zero because happens to be approximately zero at w = w min {cf. difference largely because, at small values of v/L, H, is less steep than //..This seems to arise from the sc_ale error mentioned above. The additive constant by which the fitting method has displaced H l relative to //, also contributes to this shortfall. None the less, even in this example when the surface layers dominate the differences between the models, the inversion is very successful in the interior. r/R Figure 15 . The exact fractional sound-speed difference (dashed line) between the model with modified superadiabatic layer and Model 1, as a fraction of the sound speed of the latter, in the outer part of the models. The estimate inferred using a 28 w-, 20 w-spline knot fit and the mode set defined at the beginning of Section 5 is shown with a solid line. The extreme values of the exact fractional sound speed difference, attained in the outer part of the models, are 1.78 x 10 " 2 and -3.46 x 10 " 2 .
Example (v)
In contrast to the previous examples, we here used as a reference the model with a mixed core (as was used in Example (ii) for the proxy Sun) and once more considered the chemically homogeneous model as the proxy Sun. The motivation for this was to ask whether, having 'found' from the first example that the central sound speed in the homogeneous model differs at the 10 per cent level from that in the original reference model, using a reference model with a similar central sound speed would enable us to infer more accurately the sound speed in the core. The sound speed in this pair of models differs by 4 per cent at r ~ 0.7 R and by 3 per cent in the inner core and in the outer layers. The error in the inferred sound speed (as a fraction of the sound speed of the present reference model) is depicted in Fig. 8(c) . As one would expect, the errors in r>03R are very similar to those shown in Fig. 8(a) . However, the error in the core has been greatly reduced, to much less than 0.5 per cent. No doubt there is now greater /. Christensen-Dalsgaard, D. O. Gough and M. J. Thompson cancellation between the buoyancy and cd c terms of the two models, and the error arising from linearizing the perturbation quantities is correspondingly smaller.
Discussion
The differential method of asymptotic sound-speed inversion appears from these results to be capable in principle of reproducing the sound speed from the outer layers right down to the core with considerable accuracy. In all the examples we have considered, the sound speed has been recovered throughout most of the star with an error smaller than 0.5 per cent; and even in the core the accuracy was generally better than 1 per cent down to the radius of r= 0.013 at which the inversions stopped. We do not claim that such accuracy can always be achieved. Indeed in the cases considered the sound-speed differences varied quite smoothly with radius in the cores of the models, and this undoubtedly contributed to the success of the inversions. In fact experience with analogous asymptotic inversions for the solar internal rotation rate indicates that the resolution of such methods is limited in the core, due to the relatively small number of modes that contribute. Also the effect of including errors in the data must be investigated, though the spline-fitting method should be quite robust against non-systematic errors, except perhaps in the region where r^O.l/?, where the inversion depends on the frequencies of only a few modes. Of course, the present inversion method sacrifices the model-independence of the method of Christensen-Dalsgaard et al. (1985) . In return, however, it seems capable of obtaining substantially more accurate results from the highly simplified asymptotic description. It is true that taking into account the frequency dependence of the phase shift a{cf. Gough 1986a) in the direct inversion of the frequencies (as opposed to the inversion of the frequency differences) does improve the absolute determination of the sound speed considerably. However, Sekii & Shibahashi (1987) , implementing the method described by Shibahashi (1988) to take into account the critical cut-off frequency (though not the buoyancy frequency), and Brodsky & Vorontsov (1987 , 1988 , using a somewhat different approach that also took into account the buoyancy frequency and the perturbation in the gravitational potential, remain with a relative error of 1-2 per cent in the vicinity of r=0.1 AE. Further out in the star it is not possible to estimate the accuracy of the inversions of Brodsky & Vorontsov from the results that they present; but a comparison of fig. 7 of Sekii & Shibahashi (1989) with our Fig. 8(b) indicates that our method appears to be a considerable improvement, relative to the model-independent inversions, over the whole range of r.
Linearization in the perturbed quantities does not appear to introduce much error, even though the difference between the sound speeds in the homogeneous model and Model 1 is as great as 10 per cent. This is probably rather greater than the difference in sound speed between Model 1 and the Sun. Therefore with accurate data one might anticipate an inversion at least as accurate as those presented here. However, there are additional departures from the simple representation (2.6) that first require further investigation, such as non-adiabatic effects, which are of course present in the Sun but not in our analysis. In this respect our apparent neglect of buoyancy and the perturbation <!>' to the gravitational potential falls into a different category. Although they are not taken explicitly into account in equation (2.2), they have been included in the numerical computation of the eigenfrequencies that are analysed. Therefore our analysis, which can be regarded as a procedure for a sophisticated comparison of theoretical and observed frequencies, does implicitly include them. If the comparison model is close to the Sun, these small corrections largely cancel. This is particularly true of O', which depends principally on the density structure; we have confirmed by numerical experimentation that the effects of O'change little between similar models. The buoyancy term is a more sensitive quantity, since it depends on the relatively small departure of the density gradient from the adiabatic value, and we anticipate a more accurate inversion if we were to take it explicitly into account. Asymptotically this makes a contribution a>~2H 2> {w) to the scaled frequency, which has yet another functional dependence on co and w and so could in principle be separated from H l and H 2 .
Finally we draw attention to the fact that our Example (v) indicates that the inversion is more accurate the closer the structure of the reference model is to that of the Sun. Therefore one can expect to obtain an even more faithful representation of the Sun by iteration. Subject to the equation of state being known, one can obtain a new solar model by integrating the linearized hydrostatic equations for the difference in pressure and density between the original reference model and its iterate. The equations are inhomogeneous, the inhomogeneity being dependent both on the differences in the abundances of those elements upon which the equation of state sensibly depends, and on the inferred sound-speed difference. We anticipate that in due course the first can be inferred by the procedure discussed by ,1986 ; the second can be measured by the technique discussed in this paper.
